We study the teleportation of non-Gaussian, non-classical Schrödinger-cat states of light. We use the experimentally realized cat states produced by subtracting a photon from the single-mode squeezed vacuum state of light. We introduce a new resource for teleportation in the form of two-mode squeezed vacuum light embedded with entangled photon holes. We characterize the resource by showing how the holes appear in the quadrature distribution of the state. We discuss two figures of merit for the teleportation process, a) the fidelity, and b) the maximum negativity of the Wigner function at the output. We show that the addition of entangled photon holes to two-mode squeezed vacuum light lowers the requirements on the amount of squeezing necessary to achieve any given fidelity of teleportation, or to achieve negative values of the Wigner function at the output.
Introduction
Quantum mechanics allows for the transport of the unknown state of a quantum system, i.e., its information content, without having to transport the "baggage" of its mass. Bennett et al. invented a first-of-the-kind protocol, which demonstrated such a transport for qubit states with the help of a) a shared entangled resource between the sender and the receiver in the form of a Bell state, b) Bell-basis measurements, and c) classical communication 1 . Since the transport involved destroying the state at the sender (Alice's location) and recreating it at the receiver (Bob's), albeit after some time lapse, they called it "teleportation". Later, Vaidman, Braunstein and Kimble (VBK) devised a continuous-variable (CV) version of the protocol, which used the two-mode squeezed vacuum state of the quantized electromagnetic field (TMSV) for shared entanglement and homodyne detection for performing measurements analogous to Bell-basis measurements 2, 3 .
Quantum teleportation forms an important building block for quantum information processing. In quantum communication, sequential teleportation can be used to transport quantum states over large distances 4, 5 . In quantum computation, several teleportation-based schemes that are capable of implementing two-qubit (or interaction) gates near-deterministically (and in a fault tolerant manner) have been proposed in both the discrete and continuous quantum variable cases 6, 7 ; examples of * Electronic address: ksesha1@lsu.edu teleportation-based coupling gates include the controlled sign-flip CZ gate in linear optical quantum computation 8 , and the QND interaction gate in CV quantum computation 9, 10 . In some hybrid quantum computation schemes, wherein the physical qubits used for computation "talk" to each other via CV channels, CV teleportation facilitates the communication 11 . CV quantum information processing 12 primarily revolves around the use of Gaussian states such as the coherent state, and Gaussian operations such as the passive linear optical transformations of the beam splitter and the phase shifter, the displacement operation, as well as the squeezing operation which involves quadratic optical nonlinearities. While Gaussian states and operations alone suffice for some basic quantum information protocols, such as quantum-key distribution based on coherent states, the more advanced protocols, e.g., those for universal quantum computation, entanglement-distillationbased quantum communication, etc., require the use of at least third-order optical nonlinearities 13 . Non-Gaussian CV states, which result from such higher-order optical nonlinear interactions, e.g., the Schrödinger-cat state
where N = 2 1 + e −2|α0| 2 cos θ and | ± α 0 are coherent states, when used in conjunction with linear optics, have been shown to fulfill such requirements 14 . The ability to teleport non-Gaussian states such as the cat state thus is critical in order to accomplish advanced quantum information processing tasks.
Several theoretical works have examined the teleportation of the cat state |Ψ cat of Eq. (1) using a va-riety of resources [15] [16] [17] [18] [19] . However, experimentally, the state |Ψ cat for radiation fields has not been produced. The standard procedure adopted by several experimental groups [20] [21] [22] [23] has been to subtract a photon from a singlemode squeezed vacuum state to produce a state like the state |Ψ cat for θ = π 24 . In this work, we thus consider the heralded production of such a cat state, and study its teleportation. The cat state heralded in the above fashion is defined by
whereŜ(ξ) = exp ξâ †2 − ξ * â2 /2 25 is the single-mode squeezing operator acting on the modeâ.
The teleportation of Gaussian states, such as the coherent state, has been demonstrated in many experiments since 1998 with high fidelities [26] [27] [28] [29] . However, the firstever teleportation of a non-Gaussian state was carried out rather recently 23 . Using the standard VBK protocol for CV teleportation with TMSV as the entangled resource, Lee et al. teleported a cat state |Φ cat of Eq. (2) of 75 ± 0.5% input state fidelity with respect to the cat state |Ψ cat of coherent amplitude |α| 2 ≈ 1 and θ = π, achieving an output fidelity of 45 ± 1% with respect to the same cat state 23, 30, 31 . Apart from fidelity, another important figure of merit for teleportation, in the case of non-Gaussian input states, is the maximum negativity of the output Wigner function relative to the input. Lee et al. observed that, in their experiment, the negativity of the input Wigner function remained preserved at the output to a degree that was in good agreement with the prediction based on a model for non-unity gain teleportation given by Mista et al. 32 . Since TMSV provides the shared entanglement for the standard protocol of CV teleportation, obviously both the fidelity and the maximum negativity of the Wigner function at the output are ultimately limited by the squeezing resource. In the limit of infinite squeezing, since TMSV tends to become the EPR state 33 with perfect correlations, the fidelity of teleportation also approaches unity. Despite leaps in technological advancement, the state-of-the-art vacuum squeezing for TMSV, however, remains about 10 dB 34, 35 . Hence, techniques that improve the performance of teleportation without demanding higher magnitudes of squeezing are vital commodities in quantum information. In this regard, for any given amount of squeezing, TMSV which is made nonGaussian via photon addition or subtraction 36 , has been known to contain more entanglement than TMSV 37, 38 . Hence, non-Gaussian entangled states should be better suited for teleportation [15] [16] [17] [18] [19] . In an independent development Franson, in 2006, showed that correlated photon absences generated via two-photon absorption from a coherent laser beam incident on an absorption medium, could be used to violate Bell's inequalities in a manner akin to entangled photons themselves 39 . He called them entangled photon holes (EPH). The existence of such photon holes was further established by Pittman and Franson through a proof-of-principle experiment based on the mixing of coherent laser light with squeezed vacuum light from the output of a parametric down-conversion (PDC) source on a 50-50 beam splitter 40 . When the two inputs are mixed out of phase, the probability amplitudes (two of them-one for each input) corresponding to two photons incident in the same input mode getting split at the 50:50 beam splitter, perfectly cancel each other, leading to the generation of a correlated absence of single photons, or, an EPH pair, in the output modes. Afek et al. generalized the experiment by also varying the ratio of intensities of the coherent and PDC output, and they observed higher-order correlated photon-holes 41 . In this work, we show that a conditional measurement based on simultaneous subtraction of a photon from each of the two modes of TMSV light results in the introduction of a structure similar to that of an EPH pair discussed by Franson originally using atomic absorbers. We thus establish a link between the two different lines of research. We then use the EPH-containing TMSV resource for the teleportation of the experimentally realized cat state |Φ cat .
The paper is organized as follows. In section 2, we discuss the generation of EPH-embedded TMSV, and demonstrate the existence of an EPH pair in the state using its photon number and quadrature distributions. We then show that the entanglement content of EPHembedded TMSV is higher than TMSV. In section 3, we describe quantum teleportation based on EPH-embedded TMSV, and present our results on the fidelity and the maximum negativity of the Wigner function at the output for input cat states of Eq. (2) generated from the single-mode squeezed vacuum state via photon subtraction. In section 4, we highlight the enhanced fidelity that EPH-embedded-TMSV also offers in the teleportation of two of the most commonly used Gaussian states, namely the coherent state and the single-mode squeezed vacuum state. We conclude with a summary in section 5.
Entangled photon holes-embedded two-mode squeezed vacuum light

A. Generation
Consider the scheme shown in Fig. 1 . Parametric downconversion generates a two-mode squeezed-vacuum state |ξ , given by
whereŜ ( The photon number distributions for TMSV (dashed, blue) and two-photon subtracted TMSV (solid, red) for the squeezing parameter r = 1. P (n) corresponds to the probability of finding n photons in each of the two modes simultaneously. the state heralded by the scheme can be written as
where the state has been suitably normalized. Here we note that the conditional measurement scheme for the generation of the cat state |Φ cat , whose teleportation we discuss later in this paper, is very similar to the scheme of Fig. 1 (the difference being the former involves only a single mode PDC output and a single SPD 23, 24, 31 ). Figure 2 shows plots of the photon number distributions of TMSV and the state heralded in the scheme of Fig. 1 , |ξ EPH , for the squeezing parameter r = 1. We find that the latter has a higher weighting for large photon numbers than TMSV, as was also observed by Cochrane et al. in Ref. 16 . Consequently, the probability of measuring single photon coincidences in the two modes of the state |ξ EPH is substantially reduced compared to that of TMSV. Particularly, this effect is found to grow larger as the value of the squeezing paramter r is increased. The ratio P EPH (1)/P TMSV (1) for the squeezing parameter r = 1 (shown in Fig. 2 ) is about 0.3, while its value dwindles to ≈ 6 × 10 −8 when r = 5. This decrease in probability of single photon coincidences with the state |ξ EPH is similar to the creation of EPH pairs in Franson's work 39 .
B. Quadrature distribution
We now discuss the quadrature distribution of the state |ξ EPH , and show how EPH appear in the distribution in a remarkable way. For quadrature operatorsx a ,ŷ a ,x b , andŷ b defined in terms of the mode operatorsâ,â † ,b, andb † aŝ
the quadrature distribution of TMSV, which is well known 42 , and that of two-photon subtracted TMSV, which can be calculated using Eq. (4), are given by
respectively, where x a , x b are the eigenvalues values of the corresponding quadrature operators. The states |ξ and |ψ EPH , both, are clearly entangled. It is advantageous to work with a rotated set of coordinates x 1 and x 2 , defined as 
2 as a function of x 1 and x 2 when the squeezing parameters are chosen to be r = 1, φ = π, and r = 5, φ = π, respectively.
In terms of x 1 and x 2 , the state |ξ has quite a transparent structure in its quadrature distribution
When φ = π, as is well known, Eq. (8) has the EPR form with a narrow peak at x 1 = 0 Fig. 3 shows the intensities |ψ ξ (x 1 , x 2 )| 2 and |ψ EPH (x 1 , x 2 )| 2 plotted as functions of x 1 and x 2 for values of the squeezing parameter r = 1 and r = 5. We find that the plot of |ψ EPH (x 1 , x 2 )| 2 shows a dip at x 2 = 0. Since x 2 ∝ x a −x b , the dip signifies a decrease in the probability of finding photons at the same values of position quadratures in the two modes for the state |ξ EPH . Between Figs. 3(c) and 3(d) , we find that the dip at x 2 = 0 is even more pronounced in the latter, which corresponds to the larger value of squeezing parameter r.
The dip observed in the quadrature distributions of Figs. 3(c) and 3(d) , along with the decrease in the photon number probabilities for small photon numbers shown in Fig. 2 , indicate a decrease in the probability of coincidence detection of single photons in the two modes of the state |ξ EPH . This is similar in fashion to Franson's observation of a decrease in the probability of two-photon coincidence detection in a classical field after the field has passed through a two-photon absorbing medium. Thus, in line with Franson's argument, we argue that the dip is a consequence of the existence of a pair of EPH in the state |ξ EPH .
C. The logarithmic-negativity parameter
We now discuss the entanglement content of the "EPHembedded TMSV" |ξ EPH . An appropriate entanglement measure in the case of CV states is the so-called logarithmic-negativity parameter 43, 44 , which is defined as
where N is the absolute value of the sum of all negative eigenvalues associated with the partial transpose of the density operator. By proceeding along the lines of Eqs. (20)− (23) of Ref. 38 , the log-negativity parameters of EPH-embedded TMSV and TMSV are calculated, and found to be ε ξ = log 2 e 2r , ε EPH = log 2 e 4r / cosh 2r . (See Appendix A for the derivation.) Figure 4 (a) shows a plot of the log-negativity parameters of EPH-embedded TMSV, single-photon-added TMSV 45 and TMSV, plotted as a function of the squeezing parameter r. As one can see, in terms of log-negativity, EPH-embedded TMSV is more entangled than the single-photon-added TMSV, which is in turn more entangled than TMSV. The ratioε = 2 ε /2 ε ξ magnifies the difference between the entanglement content of the photon-added or EPHembedded TMSV with respect to TMSV. Fig. 4 (b) shows a plot ofε for both the photon-added and EPH-embedded TMSV, as a function of the squeezing parameter r.
Quantum teleportation of Schrödinger-cat states using entangled-photon-holes-embedded two-mode squeezed vacuum light
Having shown that the EPH-embedded TMSV is more entangled than TMSV, we now describe CV quantum teleportation based on the former, and examine its performance in the teleportation of non-Gaussian, nonclassical Schrödinger-cat states in comparison to teleportation based on the latter (the standard protocol).
To begin with, let us briefly describe CV teleportation, as introduced by VBK (see Fig. 5 ). Alice, who wants to transport a single-mode input state to Bob, prearranges the sharing of an entangled resource with him. She mixes the single-mode input state (in modeâ ) with modeâ of the entangled resource on a 50:50 beam splitter. She then performs a homodyne measurement on the beam-splitteroutput modes and classically communicates the result µ = q + ip to Bob. Assuming balanced homodyning, the real and imaginary parts of µ satisfy
wherex a ,ŷ a ,x a andŷ a are the canonical operators probed by the homodyne measurement, which are related to the beam-splitter-input mode operatorsâ,â Mathematically, the above protocol can be described via one of many alternative approaches 12 . We adopt an approach based on the use of characteristic functions. The Weyl-ordered characteristic function of a singlemode pure state |ψ is given by χ(α) = ψ|D(α)|ψ , whereD(α) is the displacement operator. The Wigner function is related to the Weyl-ordered characteristic function via a Fourier transform, as
Marian and Marian 46 showed that, assuming ideal measurements and the case that Alice performs balanced homodyne detection, the Weyl-ordered characteristic function of the teleportation output (χ out ) can be written in terms of those of the input (χ in ) and the entangled resource (χ EPR ) as
We now calculate two figures of merit for the teleportation of non-Gaussian, nonclassical cat state |Φ cat of Eq. (2)-the fidelity and the maximum negativity of the Wigner function at the output-for both TMSV and EPH-embedded TMSV entangled resources. The characteristic function of the input cat state χ Φ (α) = Φ|D(α)|Φ is given by and those associated with the entangled resources, TMSV (χ ξ = ξ|D(α) ⊗D(β)|ξ ) and EPH-embedded TMSV (χ EPH = ξ EPH |D(α) ⊗D(β)|ξ EPH ), are given by
2 ) ,
respectively, where
A. Fidelity of teleportation
The fidelity of teleportation | ψ in |ψ out | 2 , when written in terms of characteristic functions reads
Using Eqs. (14)− (17) in Eq. (18), the expressions for the teleportation fidelity for the state |Φ cat , when teleported optimally 47 using TMSV (F 1 ) and EPHembedded TMSV (F 2 ), are found to be
, (19) respectively, where γ = e −2r . (See Appendix B for the derivation of F 2 .)
We now focus on the state |Φ cat corresponding to |Ψ cat of coherent amplitude |α 0 | = 1 and θ = π. The optimal choice ρ = 0.313 in Eq. (2) provides an inputstate fidelity of 99.7% 48, 49 . Fig. 6 shows a plot of the two teleportation fidelities, and their ratio for the teleportation of the above cat state as a function of the squeezing parameter of the entangled resource r. We see that EPH-embedded TMSV offers substantially enhanced fidelity over TMSV for small values of the squeezing parameter r (0 < r < 2). Figure 7 shows a contour plot of the optimal fidelity of teleportation for the cat state |Φ cat corresponding to different magnitudes |α 0 | of |Ψ cat with θ = π, as a function of the coherent amplitude |α 0 | and the squeezing parameter of the entangled resource r. (The squeezing parameter ρ for the different input states |Φ cat is chosen such that the input-state fidelity is maximized.) The plot elucidates the persistence of the squeezing benefit in using EPH-embedded TMSV in place of TMSV for cat states of Eq. (1) with increasing values of coherent amplitude |α 0 |.
B. Maximum negativity of the Wigner function at the output
The Wigner function of the state |Φ cat of Eq. (2) is given by
whereα = α cosh ρ − exp(iϕ)α * sinh ρ. Based on Eqs. (13)−(17), the Wigner functions at the output of the teleportation process, when teleported optimally 47 using TMSV (W 1 ) and EPH-embedded TMSV (W 2 ), are found to be
respectively, whereΓ is the differential operator given in Eq. (19) . Figures 8 and 9 , show plots of the Wigner function of the optimal cat state |Φ cat corresponding to the state |Ψ cat with |α 0 | = 1 and θ = π, at the input and output of the teleportation process, respectively. The Wigner functions in Fig. 9 (a) and (b) correspond to the output states of the teleportation process with TMSV and EPH-embedded TMSV as the entangled resources, respectively, at a value of the squeezing parameter (of the entangled resource) r = 0.5. The chosen value of r corresponds to that point at which the ratio of fidelities F 2 /F 1 is maximum in Fig. 6 . We find that the Wigner function teleported using EPH-embedded TMSV achieves a lower negative value (0.2) than the one teleported using TMSV (0.05).
W(x,y)
x y As is obvious from Fig. 8 , the Wigner function of the optimal cat state |Φ cat corresponding to the state |Ψ cat with |α 0 | = 1 reaches its maximum negative value at the phase-space origin. Figure 10 shows a plot of W (0) of the Wigner function of this state at the output of the teleportation process, as a function of the squeezing parameter of the entangled resource r. The plot illustrates the fact that the threshold value of the squeezing parameter r, above which the value of W (0) at the output of the teleportation process becomes negative, is smaller when EPH-embedded TMSV is used (r = 0.2), as compared to the value when TMSV is used (r = 0.35). Also, the former becomes more negative than the latter in the range of 0 < r < 2.
In this investigation, we have not considered the deterioration of the fidelity due to finite efficiency of the detectors. However, these can be examined by follow- . The squeezing parameter r is chosen to be 0.5. The Wigner function teleported using EPH-embedded TMSV achieves a much lower negative value (0.2) than the value achieved by using TMSV (0.05).
ing the standard procedure, e.g., as used by Olivares et al. 17, 18 .
Entangled-photon-hole-boosted teleportation of Gaussian states
For the sake of completeness, in this section, we present EPH-embedded TMSV-based teleportation for two of the most commonly used Gaussian states, namely the coherent state and the single-mode squeezed vacuum state 19 . Characteristic functions of the coherent and single-mode squeezed vacuum states are given by
respectively. The optimal teleportation fidelities for the above states when teleported using TMSV and EPH- embedded TMSV, calculated based on Eq. (18), are tabulated in Table 1 . For coherent states, the enhancement to the fidelity of teleportation due to EPH-embedded TMSV is independent of the amplitude of the state, as can be seen in Fig. 11 . Figure 12 presents a contour plot for the fidelity of teleportation of the single mode squeezed vacuum state as a function of the squeezing parameters r and ρ. The contours illustrate the fact that at any value of the squeezing parameter ρ of the single-mode squeezed state, EPH-TMSV achieves the same fidelity of teleportation as TMSV while requiring a smaller amount of the squeezing resource. Thus, EPH-embedded TMSV offers enhanced teleportation not only for non-Gaussian states, but also Gaussian states.
Summary
In summary, we showed how the resource based on EPH can be used to teleport nonclassical Schrödinger cat states with high fidelity. In particular, we showed that the EPH-embedded TMSV achieves a higher maximum negativity of the teleported Wigner function than TMSV at any given amount of utilization of the squeezingresource. The EPH-embedded resource, thus, enables one to recover the nonclassical properties of the teleported state better. We established the nature of EPH, which we create by photon subtraction. We showed how the holes appear in the quadrature distribution at the point where the two mode squeezed vacuum has a peak. Our results illustrate the usefulness of EPH in continuous-variable quantum information processing.
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